Abstract. Energy-corrected finite element methods provide an attractive technique for dealing with elliptic problems in domains with re-entrant corners. Optimal convergence rates in weighted L 2 -norms can be fully recovered by a local modification of the stiffness matrix at the re-entrant corner, and no pollution effect occurs. Although the existence of optimal correction factors is established, it remains open how to determine these factors in practice. First, we show that asymptotically a unique correction parameter exists and that it can be formally obtained as the limit of level dependent correction parameters which are defined as roots of an energy defect function. Second, we propose three nested Newton-type algorithms using only one Newton step per refinement level and show local or even global convergence to this asymptotic correction parameter.
weighted L 2 -norm with weight r 1−π/θ , the gap is even bigger. The nodal interpolant then shows O(h 2 ) convergence while such a weight does not recover any additional convergence rate for the Ritz projector, i.e., typically a gap of 2(1 − π/θ) can be seen.
Standard techniques to improve the convergence are to deal with weighted Sobolev space norms in combination with graded meshes [1, 2, 10, 12, 13, 15] and/or enrichment of the finite element space [3, 6, 9, 11, 14, 20, 25, 30] . Alternative techniques are first order systems least squares methods that provide the flexibility to select appropriate weights in the norms; see, e.g., [4, 5, 8, 16, 23] . Most strategies require more than a local modification and aim to improve the finite element approximation at the singularity. However, the quantity of interest is often not a global standard norm but a functional or weighted norm which excludes or relaxes the influence of the neighborhood of the re-entrant corner. Examples are the stress intensity factor that can be evaluated as a line integral at a fixed distance from the re-entrant corner, the eigenvalues, and the flux at some given interface not including the re-entrant corner. To obtain improved error reduction rates for such quantities, an accurate representation of the solution at the re-entrant corner is not required.
This observation is our motivation to focus on energy correction schemes [21, 28, 29] that do not enrich the finite element spaces associated with a sequence of uniformly refined meshes. The basic idea was originally introduced for finite difference schemes in [33] . In the recent contribution [19] , a mathematically rigorous analysis for finite element methods is presented, and it was shown that a careful modification of the original Galerkin method can drastically improve the convergence. Namely, for conforming low-order finite element spaces, if π < θ < 3π/2, then O(h 2 l ) convergence on a sequence of uniformly refined meshes can be observed in a suitable weighted L 2 -norm, assuming that a sufficiently accurate correction parameter is known. If additionally the initial mesh restricted to elements touching the re-entrant corner is symmetric, the same argument also holds for 3π/2 ≤ θ < 2π.
The rest of this paper is organized as follows: First, in section 2, we sketch the energy corrected finite element method and motivate the need for an efficient algorithm to determine its parameter. In section 3, we introduce a level-dependent nonlinear energy defect function and recall that its unique root defines a suitable level-dependent parameter. Based on the properties of the energy defect, we establish global convergence of a Newton algorithm and give reliable stopping criteria. Section 4 is devoted to the proof that the roots of these functions converge, and we provide convergence rates. Additionally, we show that the limit value defines the unique level-independent parameter in energy-corrected finite element methods. We discuss, in section 5, several nested Newton-type strategies to approximate the roots and show that the asymptotic correction parameter can be approximated with almost no extra cost. Numerical results that illustrate the convergence of the different strategies can be found in section 6. Here we also investigate the dependency of the asymptotic correction factor on the angle of the re-entrant corner and the number of attached elements. Additionally, we apply the approach to a domain with several re-entrant corners and more general boundary conditions.
Energy-corrected finite element method.
In this section, we sketch the idea of energy-corrected finite element methods. For simplicity we restrict ourselves to a simple model problem and to a bounded polygonal domain Ω ⊂ R 2 with one re-entrant corner. We consider the numerical solution of the Poisson problem
The standard bilinear form associated with (2.1) is given by a(v, w) := Ω ∇v·∇w dx, v, w ∈ H 1 (Ω), and (·, ·) denotes the usual L 2 -scalar product.
Definition of the energy-corrected finite element method.
To define the energy correction, we introduce
where ω l ⊂ B k0h l is a union of elements in T l . The sequence T l forms a nested hierarchy of uniformly refined simplicial meshes with mesh-size h l , and B k0h l is a ball with radius k 0 h l and center at the re-entrant corner. Asymptotically, it is essential that k 0 be fixed and bounded independently of the level l, since this guarantees that the number of elements in ω l is bounded independently of l; see subsection 3.3 for a theoretical discussion. We note that Algorithm 1 of subsection 3.5 gives us for all our numerical examples k 0 = 1. For given γ ∈ [0, 0.5], we define the parameter-dependent bilinear form by
and note that it depends on the mesh-dependent subdomain ω l and also on the scalar parameter γ. Obviously, we have 0.
A modified finite element formulation of (2.1) then reads as follows:
Here, V l stands for the standard conforming piecewise linear finite element space associated with T l . The modification (2.3) does not change the structure of the standard finite element stiffness matrix and changes only a small number of its coefficients. Hence, it is cheap and easy to implement into existing codes, provided that γ l and ω l are given. Moreover, fast high performance solvers may profit from using data structures for uniformly refined grids that avoid the logistic overhead of unstructured and adaptive mesh techniques. Remark 2.1. We note that for γ = 0 the standard finite element solution is recovered. Recalling that the Poisson equation models the normal displacement of a homogeneous membrane, the effect of the modification with γ ∈ (0, 0.5] can be regarded as a softening of the material in ω l .
We emphasize that the quality of u l (γ) is determined by the choice of γ and ω l . The choice of ω l is motivated by the fact that the modification should change the original stiffness matrix as little as possible and should not deteriorate the convergence order. In [19] it has been shown that such ω l and a level-dependent parameter γ exist such that no pollution occurs; i.e., there is no gap in the convergence order between the interpolation and energy-corrected finite element approximation. Moreover, second order convergence in a suitably weighted L 2 -norm can be recovered. A suitable correction parameter γ can be defined by γ := γ l , where γ l is the root of a nonlinear energy defect function that will be introduced in section 3. In all our numerical examples of section 6 and also those discussed in [19, 21] , it has been sufficient to choose the correction domain ω l as the union of elements adjacent to the re-entrant corner. We now call the modified finite element approach (2.3) the energy-corrected finite element method if ω l and the possibly level-dependent parameter γ are selected such that optimal order convergence rates can be observed on uniformly refined meshes.
Numerical example.
We start with an illustrating example that shows the performance of an energy-corrected finite element method. Moreover from this example it will become apparent how important the proper selection of the parameter γ is. To demonstrate the accuracy of the energy-correction method and to motivate the algorithms proposed in this paper, we consider here a triangulation of a polygonal domain Ω with a single re-entrant corner at x c = (0, 0) and the interior angle θ = 3π/2 (L-shape). We set nonhomogeneous Dirichlet boundary conditions given in polar coordinates as u = s := r 2/3 sin(2φ/3) on ∂Ω and zero forcing f = 0 such that the exact solution u = s ∈ H 1+π/θ−ε (Ω) for any ε > 0. Besides the standard norms, we employ the weighted L 2 -norm (L 2 ρ ) and the weighted
with the radial weighting function defined as ρ := r 1−π/θ . This weight is illustrated in Figure 1 along with the initial triangulation and the solution. We next conduct a convergence study for different values of the correction parameter γ on a series of uniformly refined meshes. All finite element formulations show almost the same quantitative results in the H 1 -norms, but there is a significant difference in the performance for the L 2 -norms. Table 1 presents the errors for the standard finite element method when no correction is used (γ = 0). As is well known, this shows the pollution effect, i.e., it results in suboptimal convergence rates, in both weighted and standard L 2 -norms. Next, we guess a correction parameter γ = 0.1 for which we observe a significant improvement of the solution accuracy in the L 2 -norms as shown in Table 2 . However, here the asymptotic behavior remains suboptimal. This indicates that the guessed correction parameter may be considered good enough for the first two mesh levels l = 1, 2 but that it is not sufficiently accurate for higher levels. Extending the results Table 3 yields the optimal convergence rates predicted by the theory for both weighted and standard L 2 -norms. However, the question of how to compute the parameter γ ∞ or how to find a suitable level-dependent parameter interval remains open. Unfortunately, there is so far no analytical formula known to determine these quantities, which depend on the angle and on the initial mesh at the re-entrant corner but not on the global mesh and not on the solution. The main contribution of this paper is to develop and analyze Newton-type algorithms for the approximation of γ ∞ . Moreover we show that the computed approximations on each level define an energy-corrected finite element method. The three algorithms proposed in section 5 each require one step of a Newton iteration per refinement level of the mesh to determine such a correction parameter. They differ in whether the analytic exact energy of the dominating singular function must be known and in how many finite element systems must be solved per step.
The energy defect function.
For the ease of presentation, we assume again that Ω ⊂ R 2 has one re-entrant corner x c = (0, 0), that a part of the positive xaxis starting at the origin is in ∂Ω, and that all x ∈ Ω can be represented in polar coordinates as x = (r cos φ, r sin φ) with φ ∈ [0, θ]. Let s := r π/θ sin(πφ/θ); then s is a solution of the Dirichlet boundary value problem: Find u such that
In terms of the bilinear form a ec (·, ·) given in (2.2), we define a finite element approximation s l (γ) ∈ V l such that the inhomogeneous Dirichlet boundary conditions s l (γ)(p l ) = s(p l ) are satisfied for all vertices of T l being on ∂Ω and
We recall that for γ ∈ [0, 0.5], the bilinear form a ec (·, ·) is uniformly elliptic, and thus a unique solution exists. Moreover, we have
where B denotes a ball with a fixed and positive diameter and center at the reentrant corner. The first bound follows from the regularity of s on Ω \ B, the global
, and Wahlbin-type arguments for the finite element error on subdomains [32] . The second equivalence follows from the best approximation properties and the properties of the modified bilinear form a ec (·, ·). We refer the reader to [19] for details. Now we define on each level l the energy defect function g l (γ), for γ ∈ [0, 0.5], as
The main difference compared to [19] is that we define the energy defect function in terms of the singular function s and not with respect to a cut-off of s having homogeneous Dirichlet boundary values on ∂Ω. Observing that s l (γ) restricted to ∂Ω does not depend on γ, we get that
, where the prime stands for the derivative with respect to γ. A straightforward computation then shows that
and thus g l (·) defined by (3.4) is, in contrast to the definition given in [19] , a monotonically increasing function on [0, 0.5]. Moreover, it is easy to see that s l (γ) satisfies the variational problem We assemble the matrices with respect to the reduced spaceṼ l :
. By A we denote the standard stiffness matrix on level l associated with Neumann boundary conditions, by A D the stiffness matrix associated with Dirichlet conditions, and byB the matrix associated with a l (·, ·). All three stiffness matrices A, A D ,B ∈ R n l ×n l have a 2 × 2 block structure associated with the degrees of freedom in the two blocks I and R. In this algebraic notation, the coefficient vector s γ of the modified finite element solution s l (γ) satisfies where s R stands for the vector obtained by nodal interpolation of the singular function s on part of the boundary. Having (3.7), g l (γ) defined by (3.4) and g l (γ) defined in (3.5) can be expressed equivalently by
with A RI := A IR . We note that the matrix B is symmetric and positive semidefinite and of low rank N , where N is the number of interior vertices contained in ω l ; see also Figure 2 .
The matrix A II is positive definite, and moreover a straightforward computation shows that
with q = 1 for k 0 > 1 and q < 1 for k 0 = 1.
Relation to singular enrichment.
As an alternative to the previous rank-N modification of the stiffness matrix, one could consider a rank-1 modification having the same local effect. This can be accomplished by first enrichingṼ l with one basis function φ E compactly supported in Ω. More precisely, we require that the support of φ E be bounded away from the outer boundary, supp
Second, we consider the original variational problem on the enriched space and apply static condensation to obtain (3.10)
where the submatrix S has the form S :
EE A EI and γ = 1. Here A EE := a(φ E , φ E ) is a scalar. A IE = A EI , and A EI is a row vector whose entries are obtained by evaluating a(·, φ E ) with the basis functions from the I-block. Now we set γ ∈ [0, 1] as parameter. For γ = 0 we obtain the standard formulation and for γ = 1 the enriched form as described above. For γ ∈ (0, 1) we get by construction a rank-1 modification acting as a local softening of the material. Moreover if φ E is supported in ω l , then S has the same sparsity pattern as B in (3.7), i.e., it has at most N 2 nonzero entries. If φ E is a cut-off of the singular function being supported in a subdomain independently of h and γ = 1, we obtain the condensed form of a singular enrichment. In this case, however, the number of nonzero entries in S grows as the mesh-size tends to zero. Proof. The proof follows by an application of the Sherman-Morrison formula in (3.8a) and the fact that γ l is characterized by g l (γ l ) = 0. We recall that the ShermanMorrison formula as a special case of the Sherman-Morrison-Woodbury formula reads as
for quite general matrices M and vectors w, v. Setting M := A II and w := −γz and v := z, we get that γ l is defined by
Based on Lemma 3.1 the computation of γ l would cost the solution of two unmodified discrete boundary value problems. However, it does not provide the wellposedness and makes no statement about the convergence of such a γ l . Thus in the rest of this paper, we do not discuss this option any further but focus on the modification defined by (2.2) and provide efficient algorithms to approximate suitable correction parameters.
Remark 3.2. Equation (3.8a) shows that the nonlinearity in g l (·) stems from the term (A II − γB) −1 . Recalling that B is a low rank matrix, one can use a low rank representation of (Id − γA
−1 using the Sherman-Morrison-Woodbury formula to rewrite g l (·) as a rational function in γ, i.e., g l (γ) = P l (γ)/Q l (γ), where P l and Q l are polynomials of degree at most N . The coefficients of these polynomials can be computed numerically by solving N times a discrete boundary value problem.
In [19] it has been shown that optimal convergence order can be observed if the parameter γ on each level l is selected such that |g l (γ)| ≤ Ch 2 l with C fixed and moderate. In the rest of this section, we first provide existence results and then propose a Newton algorithm including a reliable stopping criteria for the selection of ω l and γ on each level.
3.3.
Existence of ω l . The properties of g l (·) depend on the choice of ω l . To determine a suitable ω l , we follow along the lines of [19, 29, 28, 33] . Settingω 
where I l is the standard nodal interpolation operator. Then it is obvious thatγ k+1 l < γ k l . Considering the numerator in more detail, we obtain by integration by parts and from the regularity of s the upper bound
where in the last step we used that s = I l s = 0 on ∂Ω R ⊂ ∂Ω. The denominator can be bounded from below in terms of the triangle inequality by
From now on we fix ω l :=ω
. This choice guaranteesγ k0 l < 0.5.
Existence of an interval for γ.
We proceed in two steps. In Lemma 3.3, we show that g l (·) has a unique root in (0, 0.5). In Lemma 3.4, we establish lower and upper bounds for g l (·). These two preliminary results allow us to specify a closed interval J l such that for γ ∈ J l , we obtain an energy-corrected finite element method.
Lemma 3.3. There exists a coarse level
Proof. The proof is similar to the proof of [19, Lemma 5.2] ; see also [28, Lemma 3] . In a first step, we show existence and in a second step uniqueness. Since g l (·) is continuous, we start with the evaluation of g l (·) at γ = 0 and at γ = 0.5 and deduce g l (0)g l (0.5) ≤ 0. For γ = 0, we find in terms of (3.3) and the fact that Δs = 0
Thus for l 0 large enough, we have C 3 h
Due to the continuity of g l (·), there exists a root γ l ∈ (0, 0.5) for l large enough.
To guarantee uniqueness, it is sufficient to sharpen the monotonicity of (3.5) and show g l (γ l ) = 0. Assuming that a l (s l (γ l ), s l (γ l )) = 0, then s l (γ l ) restricted to ω l is equal to zero, and thus s l (γ l ) = s l (0). Now g l (γ l ) = 0, and g l (γ l ) = g l (0) yields a contradiction to g l (0) < 0, and thus g l (·) has one unique root.
Lemma 3.4. There exist two constants 0 < α ≤ β < ∞ and a level l 0 such that for l ≥ l 0 and γ ∈ [0, 0.5]
Proof. We start with the upper bound in (3.12). Using (3.5), the triangle inequality yields g l (γ) = ∇s l (γ)
To show the lower bound in (3.12), we proceed in two steps. We first consider g l (γ) and then g l (0). The second derivative is given by g l (γ) = 2a l (s l (γ), s l (γ) ). Setting v l = s l (γ) in (3.6), we get
and thus g l (γ) ≥ g l (0) ≥ 0. The proof of a lower bound for g l (0) is based on the algebraic representation of g l (γ) and on g l (γ). Using (3.8), (3.9), the fact that g l (γ l ) = 0, and the equality
we can bound −g l (0) in terms of g l (0) by
These preliminary considerations show in terms of (3.11) that there exists a levelindependent constant such that the lower bound in (3.12) is satisfied. Now we can set J l := [γ l − τh
with τ > 0 and reasonably small. Then we find for γ ∈ J l that |g l (γ)| ≤ τβh 2 l , and for γ ∈ J l an energy-corrected finite element method is obtained.
Newton algorithm.
Our theoretical findings allow us to formulate a globally convergent Newton algorithm.
Algorithm 1.
Determine ω l and calculate γ on level l ≥ l 0 . Proof. The theoretical results of section 3.3 guarantee the existence of a finite level-independent k 0 such that g l (0.5) > 0, and thus the first while statement terminates.
To show that the second while statement terminates, we first establish that the sequence g l (γ k ) is strictly decreasing. Since g l (γ) ≥ 0 (see (3.13)) and g l (0.5) > 0, all our γ k satisfy 0 < γ l ≤ γ k ≤ 0.5 and thus g l (γ k ) ≥ 0. A straightforward computation shows in terms of the equivalence (3.12) that
Since g l (0.5) ≤ Ch 
, then the number of required Newton steps will be level-independent. This is the case, e.g., for γ 0 := γ l−1 .
Convergence of the level-dependent correction factor.
The results of the previous sections indicate that on each level we have to solve a nonlinear problem to determine an accurate enough approximation for γ l . This can be done by Algorithm 1, where each step requires the solution of a finite element problem. Thus for higher levels it is quite expensive and makes the scheme unattractive for practical applications. We are then interested in designing nested Newton schemes which can be easily embedded in a full multigrid method and which require only one Newton step per refinement level. To guarantee global convergence for such a scheme we have to provide theoretical results for the energy defect function.
Properties of the energy defect function.
In this subsection, we consider in more detail the properties of g l (·) given by (3.4) as a function of γ. Recall that, different from [19] , we do not work with homogeneous Dirichlet boundary conditions but with a boundary value problem with a homogeneous right-hand side. As we will see, in this case g l (·) is strictly increasing. 
Proof. The proof of (4.1a) is based on the equality in (3.13) and the upper bound (3.9). Denoting the algebraic representation of s l (γ) with ds γ , then ds 
Finally, the proof of (4.1b) follows directly from (3.12) and (4.1a).
Convergence of γ l .
The choice γ = γ l results in a fairly expensive algorithm if the γ l are not precomputed. The main theoretical result of this section is to establish convergence of γ l . This observation then allows us to formulate a nested one-step Newton algorithm for the approximation of γ l . To link γ l with γ l+1 , we first introduce an auxiliary quantity γ 
for all vertices of T l being in Ω \ Ω i and by variational equality on Ω i , and Ω i \ Ω 3 , respectively, i.e.,
a(s
To obtain a well-defineds i l (γ) on Ω, we set it equal to s l (γ) on Ω 3 . Similarly to (3.2), (3.4), and γ l , we define now γ i l , i = 1, 2, as the unique solution of
where the discrete solution s i l (γ) ∈ V l on Ω i is defined by (4.2a). Here we use the notation a| X (·, ·) for the bilinear form a(·, ·) with the integral restricted to the subdomain X ⊂ Ω. We point out that the results of section 3 also apply for the energy defect functions g 
Proof. Without loss of generality, we have assumed that x c is the origin of the coordinate system, and thus the linear mapping F (x) = 2x maps Ω 2 onto Ω 1 . Moreover for x ∈ ∂Ω 2 , we find that F (x) ∈ ∂Ω 1 and s • F = 2 π/θ s. By construction of Ω 1 and Ω 2 , the boundary nodes on level l + 1 of domain Ω 2 are mapped by F onto the boundary nodes on level l of domain Ω 1 , and ω l+1 is mapped onto ω l . The definition (4.2a) of s i l (γ) now yields
and thus in terms of (4.3), we get g 
Proof. In a first step, we provide an upper bound for γ l − γ i l . Using the fact that s
To obtain an upper bound for γ l − γ 
The proof of the lower bound for γ l − γ i l requires the use ofs i l (γ) and applies similar arguments. We note that s
Now, using the definition of γ i l and the fact that g l (γ l ) = 0, we find in terms of s
Applying the definition (4.2b), we get ∇(s
In a next step, we can further decompose Ω 
Having the upper bound (4.4) and the lower bound, the distance between γ i l and γ l can be bounded. 
Proof. Combining the results of Lemmas 4.2 and 4.3, we get
Using the triangle inequality and the boundedness of a geometric series, it can be easily seen that γ l defines a Cauchy sequence and converges with the given rate. To prove the bound for g l (γ ∞ ), we use the fact that there exists a ξ l ∈ [0, 0.5] such that
which follows by Taylor expansion and Lemma 3.4.
Nested Newton algorithms.
Although Algorithm 1 converges globally, it does not exploit the convergence of γ l . In this section, we present several nested Newton strategies for the approximative computation of γ ∞ . We assume that we start with a coarse initial mesh and use uniform refinement.
A nested Newton iteration using the exact energy: Algorithm 2.
Our first algorithm is a simple Newton strategy based on the observation that γ l is the root of g l (·). We select γ 
.
Recall that the index l stands for the refinement level, and on each level only one Newton step is carried out. There is no need for reiteration, and there is almost no extra computational cost, provided that we know a(s, s). 
In terms of this elementary equality and by means of (3.8a) and (3.8b), we obtain
In contrast to a standard Taylor expansion, the quadratic term in (γ 2 −γ 1 ) 2 is weighted by the first derivative and not by a second one. Setting γ 1 = γ ∞ , γ 2 = γ a l and using (3.8b), we find
The definition of γ a trial and (5.3) result in
Due to (3.9) the first term on the right can be bounded, and Theorem 4.4 and Lemma 3.4 yield a bound for the second term. Altogether we get
Under the assumptions on γ ∞ and k 0 , we have that the first term on the right is a contraction, and global convergence is obtained.
A nested Newton iteration on two levels: Algorithm 3.
The main disadvantage of Algorithm 2 is that the determination of γ a l+1 requires the exact evaluation of g l (γ a l ), which depends on a(s, s) and s l (γ a l ). The unknown energy a(s, s) can possibly be evaluated analytically or up to order h 2 l accurate by quadrature formulas for ∂Ω s · ∂ n s ds on the edges of ∂Ω. Our main interest is the formulation of an algorithm which does not require this evaluation. A first step into this direction
Now due to (3.12) and (4.1b), we get for a suitable σ < ∞ independent of l
For l ≥ l 0 , l 0 large enough, and for |γ
Id. These preliminary considerations yield by means of the algebraic representation (3.8b)
provided that the assumptions are satisfied, τ is small enough, and l 0 is large enough. Moreover if l 0 is large enough, we obtain |γ c l+1 − γ ∞ | ≤ τ , and thus (5.7) follows by induction.
Remark 5.5. In contrast to Theorems 5.1 and 5.3, Theorem 5.4 does not guarantee global but only local convergence. Although all three upper bounds (5.1), (5.6), and (5.7) have the same structure, there is one characteristic difference. In (5.1) and (5.6) the constants in front of the quadratic error terms can be more precisely specified, and thus convergence for all admissible start iterates is given. Starting with Algorithm 3 on coarse levels and then switching to Algorithm 4 guarantees global convergence.
Remark 5.6. Although Algorithms 3 and 4 can be applied without the explicit knowledge of a(s, s), we still require s to set the boundary conditions of our auxiliary problems. However, in any problem setup where the singular component s causes the dominating error contribution, the same algorithms can be used.
Numerical results.
Unless mentioned otherwise, we consider the problem (3.1) where we know the exact solution that is given by the singular function u = s. Starting from coarse meshes T 0 , we generate a sequence of meshes T l by uniform midpoint refinements. For our numerical tests, we often consider the symmetric (circular) L-shape geometry and the slit domain with interior angles θ = 3π/2 and θ = 2π, respectively; cf. 
A comparison of the nested Newton algorithms.
In the following numerical experiments, we compute the errors in weighted L 2 -norms defined in (2.4). For the standard finite element method without energy correction, we expect a suboptimal asymptotic convergence rate of 2π/θ, i.e., 4/3 for the L-shape and 1 for the slit domain. This behavior can indeed be observed in Tables 4 and 5 for the series of finite element solutions obtained without energy correction; see also [19] .
Next, we compare the different variants of the energy corrected method, as proposed in sections 3 and 5, namely, the exact Newton on each level (Algorithm 1), the nested iteration in terms of the exact energy (Algorithm 2), the approach on two levels (Algorithm 3), and the inexact method (Algorithm 4). The errors for subsequently refined meshes of the L-shaped and slit domains are displayed in Tables 4 and 5 , respectively. All four algorithms successfully recover the optimal asymptotic convergence rates. Furthermore, in terms of the absolute error, the three nested algorithms reach almost the same or even slightly better results than when using Algorithm 1 to approximate the root γ l . The underlined values indicate that with energy correction approximately two levels of refinement can be saved in case of the L-shaped domain, as compared with the unmodified finite element solution. In the case of the slit domain, the error on level 3 with correction is already smaller than the error on level 6 for the uncorrected solution. In Figure 5 we plot the evolution of the correction parameters γ l with the refinement levels l for the different algorithms. We point out that all three nested Newton algorithms proposed in section 5 converge with the same order but quantitatively faster to γ ∞ than to the mesh-dependent root γ l of the energy defect function. Algorithms 2 and 3 produce almost the same curves, whereas the cheapest method, Algorithm 4, shows oscillations in the preasymptotic range; cf. also Remark 5.5. 6.2. The influence of the domain and the coarse mesh on γ ∞ . In this subsection, we consider numerically the influence of the interior angle θ at the reentrant corner and of the number of elements touching the re-entrant corners on γ ∞ . All tests are set up with k 0 = 1, and thus ω l is the union of the n elements T ∈ T l such that x c is a vertex of T . The asymptotic parameter γ n ∞ = γ n ∞ (θ) is regarded as a function on θ ∈ [π, 2π]. Here isosceles triangles with angle θ/n are used; the effects of the element shapes and asymmetry near the corner are discussed in [19] .
To obtain an approximation of γ ∞ that is sufficiently accurate for many practical computations and to save an explicit computation, we propose a nonlinear fit which is constructed as follows: For each n ∈ {3, . . . , 12} and 60 samples of θ in [π, 2π], we apply Algorithm 3 to compute parameters γ l on a series of 7 meshes, which are successively refined according to the Bulirsch sequence (i.e., 1, 
Given this data, and assuming an asymptotic expansion for γ(h)
we use a Richardson extrapolation of the form
on the last level to eliminate the dominating error term in the asymptotic expansion and obtain improved values for the correction parameters. Having a closer look at the numerical results obtained by this procedure, we find furthermore that γ ∞ (θ, n) can be accurately approximated by a fit in the form of
In Table 6 , we list the coefficients σ 1,n and σ 2,n obtained for Dirichlet-and Neumanntype singularities for typical numbers of elements attached to the singularity. Numerical tests indicate that the straightforward implementation of this fit of the correction parameters in a finite element code already significantly improves the solution in the presence of corner singularities; cf., e.g., [21] for an application to eigenvalue problems in nonconvex domains. Moreover, in convergence studies with randomly chosen values of n and θ, we have always observed a substantially better solution compared to finite elements without energy correction. In addition, the fit also provides a good initial guess for the previously discussed nested Newton algorithms. Figure 7 illustrates the influence of n and θ on γ ∞ (θ, n). As the right plot indicates, the correction parameter assumes a maximal value at γ ∞ (2π, 3) = 1/2, and in the numerical algorithms this value is obtained sharply. Whether this is mere chance or not needs to be further investigated. Moreover we see that for n → ∞, γ ∞ (θ, n) converges and that for θ ∈ [3π/2, 2π], we obtain almost linear dependence for all n. Such problems may arise, for example, in heat conduction studies in materials with cracks. Given a triangulation of the domain, our implementation automatically detects all corners and extracts the patch of elements attached to the corner. This time we use the cheaper method, Algorithm 4, to compute a series of correction parameters on meshes, which are again successively refined according to the Bulirsch sequence. Using the Richardson extrapolation (6.1), we obtain sufficiently accurate values for the correction parameters γ ∞ = 0.28033007 . . . at the respective corners.
To measure the errors in this example, we use a weighted L 2 -norm with the weighting function ρ defined as ρ := min i {2 |x − x i | 1/2 }, and where x i denote the positions of the crack-tips, respectively. Figure 8 (left) illustrates the geometry and the weighting function. In addition to the weighted L 2 error, we tabulate the discretization error of the flux at the right boundary in the norm
where Π l denotes the L 2 projection into the discrete function space V l in which we compute u l . Since we have no analytic solution u for this problem available, it is approximated by the corrected method with mesh level 7. The convergence of the uncorrected vs. corrected finite element method is then examined on a series of uniformly refined meshes. The results are shown in Tables 7 and 8 . Additionally, the solution on level 3 is depicted in Figure 8 (right). We again observe a beneficial effect of the energy correction, since the standard element method exhibits reduced convergence, while optimal orders of convergence are recovered by the correction. Additionally, the numerical accuracy of the flux values can be significantly improved. Here, the discretization error in the uncorrected solution is already of the theoretically optimal order O(h 3/2 ). Surprisingly, the error for the energy-corrected approach yields a superconvergence effect, showing a rate of roughly O(h 5/2 ) that cannot be predicted by the refined analysis in [27] . We conducted an additional set of tests with an uncorrected reference solution to ensure that this superconvergence is not due to the comparison with a solution obtained by the energy corrected method. However, the differences between both ways of evaluating errors were negligible for both cases.
Conclusions and outlook.
In this paper we have developed efficient algorithms and heuristics to determine the correction parameter that is required in the energy correction technique for handling corner singularities in elliptic partial differential equations. The algorithms are based on Newton's method and can be embedded efficiently in a multilevel context, where just a few or even only a single iteration is required on each refinement level. Furthermore, we have demonstrated numerically that the coefficients can be tabulated and can be approximated by a heuristic function. Additionally, the theoretically shown asymptotic behavior of the correction parameter can be exploited to find improved values by performing Richardson extrapolation on these values. In all these cases, optimal convergence in the L 2 -norm is recovered away from the singularity.
Future work will deal with extensions of the energy correction technique, such as second order finite elements, the computation of eigenvalues, and strongly heterogeneous materials; see [21] for preliminary results. Finally, important directions for future research include a full integration in a multigrid solver framework and the practical application to mechanical problems.
